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Abstract
At high values of the pair invariant mass the differential cross section for top-quark
pair production at hadron colliders factorizes into soft, hard, and fragmentation func-
tions. In this paper we calculate the next-to-next-to-leading-order (NNLO) corrections
to the soft function appearing in this factorization formula, thus providing the final piece
needed to evaluate at NNLO the differential cross section in the virtual plus soft approx-
imation in the large invariant-mass limit. Technically, this amounts to evaluating the
vacuum expectation value of a soft Wilson loop operator built out of light-like Wilson
lines for each of the four partons participating in the hard scattering process, with a
certain constraint on the total energy of the soft radiation. Our result turns out to be
surprisingly simple, because in the sum of all graphs the three and four parton con-
tributions multiply color structures whose coefficients are governed by the non-abelian
exponentiation theorem.
1 Introduction
The pair invariant mass distribution is an important observable in top-quark pair production
at hadron colliders. Especially interesting is the high invariant-mass region of the distribution,
which could potentially be distorted by new physics without disturbing the good agreement
between Standard Model and experiment for the total cross section. The phenomenological
importance of this distribution motivates special attention to its calculation in the Standard
Model.
Theory predictions of the invariant mass distribution typically rely on the next-to-leading
order (NLO) computations of two-particle inclusive cross sections carried out in [1], supple-
mented with soft gluon resummation at the level of next-to-leading-logarithmic (NLL) [2,3] or
more recently next-to-next-to-leading-logarithmic (NNLL) [4] accuracy. The resummed cal-
culations take into account higher-order logarithmic plus-distribution corrections related to
gluon emission in the soft limit z = M2/sˆ → 1, with M the pair invariant mass and √sˆ the
partonic center-of-mass energy. However, except at restrictively high values of the invariant
mass where τ = M2/s → 1, with √s the hadronic center-of-mass energy, the dominance of
these logarithmic corrections over δ(1 − z) corrections relies on the mechanism of dynamical
threshold enhancement studied in [5–8]. In fact, numerical comparisons of exact NLO results
with the leading terms in the soft limit show good agreement only if the delta-function terms
are included to achieve a full virtual plus soft approximation [9]. Starting at NNLO, such a
virtual plus soft approximation is not achieved through expansions of NNLL resummation for-
mulas alone, and even though the delta-function contributions are formally N3LL corrections
the only way to know their size for certain is to calculate them.1 Moreover, the soft gluon
resummation mentioned above uses the generic counting mt ∼ M for the top-quark mass,
whereas at truly high values of the invariant mass the counting mt ≪M should be used, and
resummation must also take into account logarithms of the ratio mt/M .
In a recent paper [12], we have set up a factorization formalism appropriate for the
invariant-mass distribution in the simultaneous soft and small-mass (mt ≪M) limit. Schemat-
ically, the factorization is of the form
dσˆ = Tr [HS]⊗D ⊗D +O(1− z) +O
(mt
M
)
. (1)
The hard functionH and the soft function S are matrices in the space of color-singlet operators
for (qq¯, gg)→ tt¯ scattering, evaluated with mt = 0, while the D are perturbative heavy-quark
fragmentation functions containing the dependence on mt. Given this form of factorization,
one can derive and solve renormalization-group (RG) equations for the individual functions to
resum soft logarithms as well as those depending onmt/M . Just as importantly, the individual
functions appearing in (1) are much easier to calculate in fixed-order perturbation theory than
the hard and soft functions needed for soft gluon resummation for generic mt. In fact, the
fragmentation function is completely known to NNLO accuracy [13], and the higher-order
virtual corrections to two-to-two scattering needed to extract the contribution of the NNLO
1The delta-function terms and also non-singular terms in the soft limit would be included in a full NNLO
calculation, but current NNLO results are limited to certain qq¯-initiated contributions to the total cross
section [10, 11].
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hard function to the differential cross section are also known [14–18]. The only missing piece
needed to obtain at NNLO a full soft plus virtual approximation in the limit of large invariant
mass is the soft function S. The calculation of this soft function to NNLO is the subject of
this paper.
Our main motivation for this calculation is its eventual impact on the phenomenology of
top-quark pair production. However, we consider it an interesting problem even apart from
this. The soft function we deal with here is related to double real emission corrections to
massless two-to-two scattering, and at the technical level is defined as the vacuum expectation
value of a Wilson loop built out of four light-like Wilson lines. While a number of soft functions
have been calculated at NNLO in the literature, these all involve either two [19–25] or three [26]
Wilson lines. Compared to those cases, the four-Wilson-line soft function is characterized by
the added conceptual complication of a non-trivial matrix structure in color space. One might
also expect it to be computationally much more complicated because, unlike the case studied
in [26], graphs with attachments of gluons to three Wilson lines do not vanish and in general
are complicated functions of two non-trivial scalar products. However, we find that in the sum
of all diagrams such three-parton contributions multiply a color structure whose coefficient
is determined by the non-abelian exponentiation theorem [27, 28]. In particular, the bare
function does not contain a three parton term with the antisymmetric color structure of a
three-gluon vertex. This is an expected result for the IR divergent pieces of the bare function,
as a consequence of the form of the RG equation derived in [12]. In particular, the momentum
dependence in the anomalous dimension governing this RG equation is inherited from the
anomalous dimension for scattering amplitudes and is of the dipole type at least to NNLO,
which follows from results in [29, 30] (and may even be true to all orders, as conjectured
in [31–33]). For the IR finite pieces it is perhaps slightly unexpected that the three parton
terms are determined by non-abelian exponentiation, but this is nonetheless the case due to
cancellations among certain diagrams.
The remainder of this paper is organized as follows. First, in Section 2 we give the precise
definition of the soft function calculated in this paper and we also review the NLO calculation
from [12], using it as a means of introducing some of the formalism related to the color-space
matrix structure. Then, in Section 3 we present an expression for the bare NNLO soft function
as a sum over legs and give explicit results for the component integrals and matrix structures
appearing in this sum. We also describe cross checks, both with the two-Wilson-line integrals
calculated in [24] and with the non-abelian exponentiation theorem. Finally, in Section 4, we
discuss the renormalization procedure and explain how this provides a further cross check on
our result. We conclude in Section 5, relegating several details of the calculation along with
the final results for the NNLO soft function to the appendix.
2 Definitions and the NLO calculation
We define the soft function for the pair-invariant mass distribution as in [4], adapted to the
massless case by replacing time-like velocity vectors by light-like ones [12]. The basic objects
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for the soft function are firstly the Wilson lines
Si(x) = P exp
(
igs
∫ 0
−∞
ds ni ·Aa(x+ sni) T ai
)
, (2)
where the P refers to path ordering, and secondly the Wilson loop built out of these objects,
Os(x) =
[
Sn1Sn2Sn3Sn4
]
(x) . (3)
We have used the notation of [34, 35], where the bold-face indicates that the objects T ai are
matrices acting on color structures specific to the type of partons participating in the two-to-
two scattering process. This notation allows us to describe simultaneously the case where the
Wilson lines Si associated with the four partons are in any combination of the fundamental (for
quarks) or adjoint (for gluons) representations. In this paper we have in mind applications to
top-quark pair production in the soft limit, and so will give results appropriate for (qq¯, gg)→ tt¯
scattering.
The Wilson-loop operator (3) takes into account the coupling of soft gluons to the external
partons within the eikonal approximation. The soft function is related to the contribution of
these gluon emissions at the level of the squared amplitude. In [12], it was defined through
the Fourier transform of a position-space soft function evaluated in the parton center-of-mass
frame. In the present work, we will find it more convenient to work directly with the following
momentum-space representation2:
S(ω, t1/M
2, µ) =
1
dR
∑
Xs
〈0|O†s(0)|Xs〉 〈Xs|Os(0)|0〉 δ(ω − (n1 + n2) · pXs) , (4)
where dR = N in the qq¯ channel, and dR = N
2 − 1 in the gg channel, with N the number of
colors. As usual, Xs refers to a final state built up of any number of unobserved soft gluons.
It is clear from (4) that the soft function depends on the single dimensionful parameter ω
(and µ, upon renormalization), as well as the scalar products ni · nj . Although the results
we give later on can be used to construct the soft function for arbitrary velocity vectors, we
have defined it in the natural way for two-to-two scattering. In that case there are only two
independent scalar products and thus one non-trivial dimensionless ratio, which we have chosen
as n1 ·n3/n1 ·n2 = n2 ·n4/n1 ·n2 = −t1/M2. Our notation is then in direct correspondence with
the Mandelstam variables used in [12]. It further implies that n1 ·n4/n1 ·n2 = n2 ·n3/n1 ·n2 =
1+ t1/M
2 ≡ −u1/M2 and n1 · n2 = n3 · n4 = 2. In the parton center-of-mass-frame, the delta
function constrains the energy of the soft radiation to 2Es = ω, and it is an easy matter to
show the correspondence with the position-space definition used in [12].
In order to study the higher-order corrections which are the subject of this paper, we define
expansion coefficients of the bare soft function in d = 4− 2ǫ dimensions as
Sbare =S
(0) +
(
Zααs
4π
)
S
(1)
bare +
(
Zααs
4π
)2
S
(2)
bare + · · · . (5)
2Note that this definition differs from [12] by a factor of
√
sˆ, which we have chosen to omit here. The
Laplace-transformed function in (47), on the other hand, coincides with the one introduced in [12].
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In the above equation we have expressed the bare coupling constant α
(0)
s in terms of the
renormalized one in the MS scheme: the relation between the two is Zααsµ
2ǫ = e−ǫγE(4π)ǫα
(0)
s
with Zα = 1−β0αs/(4πǫ) and β0 = 11/3N−2/3nl, with nl the number of light flavors. The soft
function for massless partons was obtained to NLO in [12]. We end this section by reviewing
the elements that go into that calculation. This gives us an opportunity to introduce the
aspects of the color-space formalism needed in this work, and to extend our previous results
to the depth of the ǫ-expansion needed for the NNLO calculation.
The color-space formalism provides a means of representing soft gluon emissions from
external quarks and gluons in a unified way. The important point for the case at hand is that
these soft emissions can mix the possible color-singlet structures appearing in the two-to-two
scattering amplitudes. To explain the matrix structure relevant for this mixing, we must first
define a color basis for (qa1 q¯a2 , ga1ga2)→ ta3 t¯a4 scattering, where the {a} label the color indices
of the partons with velocity ni. We work in the s-channel singlet-octet basis(
cqq¯1
)
{a}
= δa1a2δa3a4 ,
(
cqq¯2
)
{a}
= tca2a1t
c
a3a4
,
(
cgg1
)
{a}
= δa1a2δa3a4 ,
(
cgg2
)
{a}
= ifa1a2c tca3a4 ,
(
cgg3
)
{a}
= da1a2c tca3a4 . (6)
We view these structures as basis vectors |cI〉 in the space of color-singlet amplitudes. Inner
products in this space are defined through a summation over color indices as
〈cI | cJ〉 =
∑
{a}
(
cI
)∗
a1a2a3a4
(
cJ
)
a1a2a3a4
. (7)
This inner product is proportional but not equal to δIJ , so the basis vectors are orthogonal
but not orthonormal. The soft function matrix elements are defined as
SIJ = 〈cI |S |cJ〉 . (8)
The soft function is thus a two-by-two matrix in the qq¯ channel, and a three-by-three matrix
in the gg channel. At leading order (LO), a short calculation yields the result
S
(0)
qq¯ = δ(ω)
(
N 0
0 CF
2
)
, S(0)gg = δ(ω)


N 0 0
0 N
2
0
0 0 N
2−4
2N

 . (9)
At NLO and beyond gluon emissions from eikonal lines are associated with factors of Ti. One
determines the matrix elements (8) by using a set of rules which dictate how the Ti act on the
color indices {a} of the color structures (2) and performing the sum over colors indicated in
(7). These rules are as follows [34,35]: if the i-th parton is a final-state quark or an initial-state
anti-quark we set (T ci )ba = t
c
ba, for a final-state anti-quark or an initial-state quark we have
(T ci )ba = −tcab, and for a gluon we use (T ci )ba = ifabc. In (4) there is also a conjugated operator
O†s, which contains conjugated color matrices T
a†
i acting to the left. However, we can drop
the daggers and let them act to the right, using the relation
〈M|T a†i |M′〉 = (T ai |M〉)† |M′〉 = |M〉† (T ai |M′〉) = 〈M|T ai |M′〉 , (10)
4
ij
cJ c∗I
Figure 1: Diagram contributing to the NLO soft function.
with |M〉 and |M′〉 being two arbitrary vectors in color space. This can be easily understood
by noting that T ai is a Hermitian operator. To show explicitly that this relation holds, it is
sufficient to work out the case where i = 1 and |M〉 and |M′〉 are two basis vectors |a1, . . .〉
and |b1, . . .〉. We then have
(T c1 |a1, . . .〉)† |b1, . . .〉 = ((T c1 )d1a1 |d1, . . .〉)† |b1, . . .〉 = (T c1 )∗d1a1δb1d1 = (T c1 )a1b1 ,
|a1, . . .〉† (T c1 |b1, . . .〉) = |a1, . . .〉† ((T c1 )d1b1 |d1, . . .〉) = (T c1 )d1b1δa1d1 = (T c1 )a1b1 .
Note also that if there is more than one T matrix acting on the same Wilson line, the conju-
gation reverses their order, e.g.,
(
T ai T
b
i |M〉
)† |M′〉 = |M〉† (T bi T ai |M′〉) . (11)
This is crucial for the cancellations of certain contributions which we will encounter later on.
The formalism is now in place to discuss the NLO calculation. This requires us to evaluate
the type of diagram shown in Figure 1 and perform a sum over attachments to the different legs.
The diagram represents the connection of gluons to Wilson lines for two distinct particles i
and j. Diagrams involving virtual corrections or two attachments to the same line are scaleless
and vanish in dimensional regularization. To evaluate the diagram we associate each gluon
emission with the Feynman rules for eikonal attachments following from (2) and set the cut
propagator (for which we use Feynman gauge) on shell with positive energy. This results in
an expression proportional to the integral
I1(ω, aij) =
∫
[dk]
ni · nj δ(ω − n0 · k)
ni · k nj · k ≡ π
1−ǫ e−ǫγE ω−1−2ǫ I¯1(aij) , (12)
where [dk] = ddk δ(k2) θ(k0) and
aij ≡ 1− n
2
0 ni · nj
2n0 · ni n0 · nj . (13)
For top-quark production, where n20 = (n1 + n2)
2 = 4, we have a12 = a34 = 0, a13 = a24 =
−u1/M2, a14 = a23 = −t1/M2. Later on we will describe cross-checks of our result with
the simpler NNLO soft functions for Drell-Yan [19] and electroweak boson production at
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large pT [26]. These involve the same two-Wilson-line integrals but with a = 0 and a = 1
respectively.
The integral in (12) can be parameterized in terms of the gluon energy and an angular
integral which is of the type considered long ago in [36]. We have rederived the result using
the light-cone coordinate decomposition from [26], which turns out to be especially convenient
for the NNLO integrals considered later on. Either way, the result for the stripped integral is
I¯1(a) =
2 eǫγE Γ(−ǫ)
Γ(1− 2ǫ) (1− a)
−ǫ
2F1(−ǫ,−ǫ, 1 − ǫ, a) , (14)
which can be expanded in ǫ using
2F1(−ǫ,−ǫ, 1 − ǫ, a) = 1 +H2(a)ǫ2 + (H3(a)−H2,1(a)) ǫ3
+ (H4(a)−H3,1(a) +H2,1,1(a)) ǫ4 + · · · . (15)
The functions H indicate Harmonic Polylogarithms3 (HPLs) [37]. Here and elsewhere in the
paper we have used the Mathematica package HypExp [38] in expanding the hypergeometric
functions and manipulated the resulting HPLs with the package HPL [39].
We obtain the bare NLO soft function through the following sum over legs:
S
(1)
bare =
2
ω
(µ
ω
)2ǫ ∑
legs
w
(1)
ij I¯1(aij)
=
4
ω
(µ
ω
)2ǫ (
w
(1)
12 I¯1(a12) +w
(1)
34 I¯1(a12) + 2w
(1)
13 I¯1(a13) + 2w
(1)
14 I¯1(a14)
)
. (16)
We have taken into account the relations between the aij and also the explicit form of the color
matrices given below to simplify the sum. The matrix structure in color space is obtained by
evaluating the matrix elements of
w
(1)
ij = −
1
dR
Ti · Tj , (17)
as in (8). Results were given in [4], and we reprint them here for convenience. In the qq¯
channel they read
w
(1)
12 = w
(1)
34 =
CF
4N
(
4N2 0
0 −1
)
,
w
(1)
13 = w
(1)
24 =
CF
2
(
0 1
1 2CF − N2
)
,
3We write the HPLs in the compact notation which eliminates the zeros in the weight vector by adding at
the same time one to the absolute value of the previous index to the right; for example H2(a) = H(0, 1; a),
H4(a) = H(0, 0, 0, 1; a), H2,1,1(a) = H(0, 1, 1, 1; a), etc.
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w
(1)
14 = w
(1)
23 =
CF
2N
(
0 −N
−N 1
)
, (18)
while for the gg channel they are
w
(1)
12 =
1
4

4N
2 0 0
0 N2 0
0 0 N2 − 4

 ,
w
(1)
34 =

CFN 0 00 −14 0
0 0 −N2−4
4N2

 ,
w
(1)
13 = w
(1)
24 =
1
8

 0 4N 04N N2 N2 − 4
0 N2 − 4 N2 − 4

 ,
w
(1)
14 = w
(1)
23 =
1
8


0 −4N 0
−4N N2 −(N2 − 4)
0 −(N2 − 4) N2 − 4

 . (19)
As usual, CF = (N
2 − 1)/2N and CA = N .
At NLO the renormalized function in the MS scheme can be obtained from the bare
function simply by dropping the poles. More formally, we need to multiply it on both sides by
a UV renormalization matrix. We describe the formal procedure in more detail in Section 4,
after performing the NNLO calculation in the next section.
3 The bare soft function at NNLO
In this section we calculate the bare soft function at NNLO. We find that in the sum of all
diagrams the result can be written in the form
S
(2)
bare =
4
ω
(µ
ω
)4ǫ∑
legs
(
7∑
n=2
w
(n)
ij I¯n(aij) +w
(8)
ijk I¯8(aij , aik) +w
(9)
ijkl I¯9(aij , akl)
)
(20)
=
4
ω
(µ
ω
)4ǫ [
2
(
w
(1)
12 +w
(1)
34
) (
I¯2(a12) + CAI¯6(a12) + CAI¯7,1(a12) + CAI¯7,2(a12)
)
+ 4w
(1)
13
(
I¯2(a13) + CAI¯6(a13) + CAI¯7,1(a13) + CAI¯7,2(a13)
)
+ 4w
(1)
14
(
I¯2(a14) + CAI¯6(a14) + CAI¯7,1(a14) + CAI¯7,2(a14)
)
+ 2
(
w
(3)
12 +w
(3)
34
)
I¯3(a12) + 4w
(3)
13
(
I¯3(a13) + I¯4(a13)
)
+ 4w
(3)
14
(
I¯3(a14) + I¯4(a14)
)
7
ij
cJ c
∗
I
D2
i
j
cJ c
∗
I
D3
i
j
i
j
cJ c
∗
I
D4
i
j
cJ c
∗
I
D5
i
j
i
j
cJ c
∗
I
D6
i
j
i
cJ c
∗
I
D7,1D7,2
Figure 2: Two-Wilson-line integrals required in the calculation of the NNLO soft matrix.
+ 4w
(9)
12 I¯4(a12) +
(
w
(4)
12 +w
(4)
34
) (
I¯4(a12) + 2I¯5(a12)
)
+ 2w
(4)
13
(
I¯4(a13) + 2I¯5(a13)
)
+ 2w
(4)
14
(
I¯4(a14) + 2I¯5(a14)
)
(21)
+ 4
(
w
(8)
123 +w
(8)
314
)
I¯8(a12, a13) + 4
(
w
(8)
124 +w
(8)
324
)
I¯8(a12, a14) + 8w
(8)
134 I¯8(a13, a14) .
Three types of basic diagrams contribute to this sum, depending on whether the gluons attach
to two, three, or four distinct Wilson lines. We organize this section by discussing each type of
diagram in term, and give explicit results for the color factors and integrals appearing in (21).
The results for the three and four parton diagrams turn out to be surprisingly simple, because
the non-abelian exponentiation theorem constrains the coefficients of the color structures w
(8)
ijk
and w
(9)
ijkl in (20). We discuss this further in Appendix B.
3.1 Two-Wilson-line integrals
The subset of non-vanishing two-Wilson-line integrals is familiar from other calculations of soft
functions to NNLO [19, 24, 26]. The relevant Feynman diagrams are shown in Figure 2. Con-
8
verting these diagrams into integral expressions is straightforward, and leads to the following
set:
I2(ω, aij) = −π1−ǫ (CA(5− 3ǫ)− 2Nl(1− ǫ)) Γ(2− ǫ)
Γ(4− 2ǫ)
∫
[dk]
ni · nj δ(ω − n0 · k)
ni · k nj · k (k2)1+ǫ ,
I3(ω, aij) =
∫
[dk] [dl]
(ni · nj)2 δ(ω − n0 · (k + l))
ni · k nj · (k + l) nj · l nj · (k + l) ,
I4(ω, aij) =
∫
[dk] [dl]
(ni · nj)2 δ(ω − n0 · (k + l))
ni · k ni · l nj · k nj · l ,
I5(ω, aij) =
∫
[dk] [dl]
(ni · nj)2 δ(ω − n0 · (k + l))
ni · k ni · (k + l) nj · k nj · (k + l) ,
I6(ω, aij) =
∫
[dk] [dl]
ni · nj ni · (l − k) δ(ω − n0 · (k + l))
ni · k ni · (k + l) nj · (k + l) (k + l)2 ,
I7,1(ω, aij) = −π1−ǫℜ[e−iπǫ] Γ
2(1 + ǫ) Γ3(−ǫ)
Γ(−2ǫ)
∫
[dq]
(
ni · nj
2ni · q nj · q
)1+ǫ
δ(ω − n0 · q) ,
I7,2(ω, aij) =
∫
[dk] [dl]
ni · nj nj · (k + 2l) δ(ω − n0 · (k + l))
ni · k nj · (k + l) nj · l (k + l)2 . (22)
The prefactors in I2 and I7,1 arise from the internal loop integrals, see for instance the discus-
sion in [19,26]. To evaluate the phase-space integrals we use light-cone coordinate techniques
and parameterizations described in the Appendix of [26]. It is then relatively straightforward
to derive results for the integrals in terms of hypergeometric functions, with the exception
of I5 and I7,2, which we evaluate as an expansion in ǫ. In Appendix A we derive the results
for the integral I5 as an example of the calculational procedure. Defining stripped integrals
according to (with n > 1)
In(ω, aij) = π
2−2ǫ e−2ǫγE ω−1−4ǫ I¯n(aij) (23)
the explicit results can be summarized as
I¯4(a) =
8e2ǫγE Γ2(−ǫ) Γ(−2ǫ)
Γ(1− 2ǫ) Γ(1− 4ǫ) (1− a)
−2ǫ
[
2F1(−ǫ,−ǫ, 1 − ǫ, a)
]2
, (24)
I¯5(a) = (1− a)−2ǫ
[
− 1
ǫ3
+
1
ǫ
(
7π2
6
− 4H2(a)
)
+
62
3
ζ3 − 12H3(a) + 4H2,1(a) (25)
+ ǫ
(
π4
40
+
14π2
3
H2(a)− 36H4(a)− 4H2,2(a) + 12H3,1(a)− 4H2,1,1(a)
)
+ · · ·
]
,
I¯3(a) =
I¯4(a)
2
− I¯5(a) , (26)
9
I¯6(a) =
e2ǫγE Γ2(−ǫ) Γ(−2ǫ)
Γ(2− 2ǫ) Γ(1− 4ǫ) (1− a)
−2ǫ
2F1(−2ǫ,−2ǫ, 1 − 2ǫ, a) , (27)
I¯2(a) = − (CA(5− 3ǫ)− 2Nl(1− ǫ)) 2 Γ(2− ǫ) Γ(2− 2ǫ)
Γ(4− 2ǫ) Γ(−ǫ) I¯6(a) , (28)
I¯7,1(a) = −2 e
2ǫγE ℜ[e−iπǫ] Γ(−2ǫ) Γ2(−ǫ) Γ2(1 + ǫ)
Γ(1− 4ǫ) (1− a)
−2ǫ
2F1(−2ǫ,−2ǫ, 1 − ǫ, a) , (29)
I¯7,2(a) = (1− a)−2ǫ
[
− 2
ǫ3
+
1
ǫ
(
5π2
2
− 6H2(a)
)
+
139
3
ζ3 − 8H3(a) + 12H2,1(a) (30)
+ ǫ
(
π4
36
+
23π2
3
H2(a)− 12H4(a)− 4H2,2(a) + 16H3,1(a)− 24H2,1,1(a)
)
+ · · ·
]
.
To expand these in ǫ we use (15) along with
2F1(−2ǫ,−2ǫ, 1− ǫ, a) = 1 + 4H2(a)ǫ2 + (4H3(a)− 12H2,1(a)) ǫ3
+ (4H4(a) + 4H2,2(a)− 12H3,1(a) + 36H2,1,1(a)) ǫ4 + · · · . (31)
These results can be related to those for a position-space soft function calculated in [24], and
we have found full agreement with that work. They furthermore agree with results from [19]
for a = 0 and from [26] for a = 1 as two special cases.
We must also evaluate the color factors. For these we find
w
(2)
ij = w
(1)
ij ,
w
(3)
ij =
1
dR
T ai T
b
i T
a
j T
b
j ,
w
(4)
ij = w
(5)
ij =
1
dR
T ai T
b
i T
b
j T
a
j = w
(3)
ij −
CA
2
w
(1)
ij ,
w
(6)
ij = w
(7,2)
ij = w
(7,1)
ij =
1
dR
ifabc T ai T
b
i T
c
j =
CA
2
w
(1)
ij . (32)
The relation between w
(3)
ij and w
(4)
ij , along with the result that I3 = I4/2 − I5, ensures that
the bare function satisfies the non-abelian exponentiation theorem. We discuss this further
in Appendix B. Results for the NLO matrices w
(1)
ij were given in (18) and (19). In the qq¯
annihilation channel the remaining matrices evaluate to
w
(3)
12 = w
(3)
34 =
CF
2
(
N2 − 1 0
0 1
4N2
)
,
w
(3)
13 = w
(3)
24 =
CF
2
(
1 N
2−2
2N
N2−2
2N
N4−3N2+3
4N2
)
,
10
w
(3)
14 = w
(3)
23 =
CF
2
(
1 − 1
N
− 1
N
N2+3
4N2
)
, (33)
whereas in the gluon fusion channel they are
w
(3)
12 =
CA
2


2N2 0 0
0 N
2
4
0
0 0 N
2−4
4

 ,
w
(3)
34 =
CA
2


(N2−1)2
2N2
0 0
0 1
4N2
0
0 0 N
2−4
4N4

 ,
w
(3)
13 = w
(3)
24 =
CA
2


1 N
4
N2−4
4N
N
4
N2+2
8
N2−4
8
N2−4
4N
N2−4
8
(N2−2)(N2−4)
8N2

 ,
w
(3)
14 = w
(3)
23 =
CA
2


1 −N
4
N2−4
4N
−N
4
N2+2
8
−N2−4
8
N2−4
4N
−N2−4
8
(N2−2)(N2−4)
8N2

 . (34)
3.2 Three-Wilson-line integrals
The three-Wilson-line integrals are of two basic types: the abelian graphs shown in Figure 3
and Figure 4, and the non-abelian graphs involving a three-gluon vertex shown in Figure 5.
We first discuss the abelian graphs. The two diagrams D
(a)
8 and D
(b)
8 in the first row of
Figure 3 are obviously a convolution product of two NLO functions and introduce no further
computational complications. The sum of these two diagrams gives a symmetric color structure
w
(8)
ijk =
1
dR
{T ai ,T bi }T aj T bk , (35)
and the integral is
I8(ω, aij, aik) =
∫
[dk] [dl]
ni · nj ni · nk δ(ω − n0 · (k + l))
ni · k ni · l nj · k nk · l = π
2−2ǫ e−2ǫγE ω−1−4ǫ I¯8(aij , aik) ,
(36)
with
I¯8(a, a
′) =
8e2ǫγE Γ2(−ǫ) Γ(−2ǫ)
Γ(1− 2ǫ) Γ(1− 4ǫ) (1− a)
−ǫ (1− a′)−ǫ
× 2F1(−ǫ,−ǫ, 1 − ǫ, a) 2F1(−ǫ,−ǫ, 1 − ǫ, a′) . (37)
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j
k
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i
j
k
cJ c∗I
(e)
i
j
k
cJ c∗I
(f)
D8
Figure 3: The abelian three-Wilson-line integrals required in the calculation of the NNLO soft
matrix.
12
ij
k
cJ c∗I
(a)
i
j
k
(b)
cJ c∗I
Figure 4: Example of a pair of mixed virtual-real one-particle cuts which adds up to a scaleless
integral.
i
j
k
cJ c∗I
(a)
i
j
k
cJ c∗I
(b)
D′
8
Figure 5: Examples of non-abelian three-Wilson-line integrals required in the calculation of
the NNLO soft matrix.
Each of the four diagrams in the last two rows of Figure 3, on the other hand, are complicated
functions of two distinct scalar products. However, the sums of the pairs (c)+(d) and (e)+(f)
are proportional to symmetric color structure w(8):
D
(c)+(d)
8 →
(
T bi T
a
i + T
a
i T
b
i
)
T aj T
b
k
∫
[dk] [dl]
ni · nj ni · nk δ(ω − n0 · (k + l))
ni · l ni · (k + l) nj · k nk · l ,
D
(e)+(f)
8 →
(
T ai T
b
i + T
b
i T
a
i
)
T aj T
b
k
∫
[dk] [dl]
ni · nj ni · nk δ(ω − n0 · (k + l))
ni · k ni · (k + l) nj · k nk · l . (38)
Furthermore, after partial fractioning, the sum of the two integrals yields the factorized integral
(36). Therefore, these abelian diagrams do not introduce any new calculational complications.
In Appendix B we explain how the non-abelian exponentiation theorem implies the simple
factorized form of the integral multiplying the symmetric color structure (35). The color
matrices for the qq¯ channel are
w
(8)
123 = w
(8)
214 = w
(8)
314 = w
(8)
423 =
CF
2
(
0 N
2−2
2N
N2−2
2N
−N2−2
2N2
)
,
w
(8)
124 = w
(8)
213 = w
(8)
324 = w
(8)
413 =
CF
2
(
0 −N2−2
2N
−N2−2
2N
− 1
N2
)
,
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w
(8)
134 = w
(8)
234 = w
(8)
312 = w
(8)
412 =
CF
2
(
−2 −N2−4
2N
−N2−4
2N
N2−3
2N2
)
, (39)
while those for the gg channel are
w
(8)
123 = w
(8)
214 =
CA
2


0 3
2
N 0
3
2
N N
2
4
N2−4
4
0 N
2−4
4
N2−4
4

 ,
w
(8)
124 = w
(8)
213 =
CA
2


0 −3
2
N 0
−3
2
N N
2
4
−N2−4
4
0 −N2−4
4
N2−4
4

 ,
w
(8)
134 = w
(8)
234 = w
(8)
312 = w
(8)
412 =
CA
2

 −2 0 −
N2−4
2N
0 −1
2
0
−N2−4
2N
0 N
2−4
2N2

 ,
w
(8)
314 = w
(8)
423 =
CA
2

 0
N2−2
2N
0
N2−2
2N
−1
4
−N2−4
4N2
0 −N2−4
4N2
−N2−4
4N2

 ,
w
(8)
324 = w
(8)
413 =
CA
2

 0 −
N2−2
2N
0
−N2−2
2N
−1
4
N2−4
4N2
0 N
2−4
4N2
−N2−4
4N2

 . (40)
We now discuss one-particle cuts of three-Wilson-line abelian diagrams. These are first of
all due to contributions of the type shown in the first row of Figure 3, but where the connection
to parton k is moved to the other side of the cut. These diagrams factorize in an obvious way
into a product of an NLO-type integral with a scaleless virtual correction and thus evaluate to
zero. The one-particle cuts corresponding to the diagrams in the last two rows of that figure
are more complicated. However, one can show that the sum of pairs of the type shown in
Figure 4 reduces to the same scaleless integral mentioned above. Therefore, these one-particle
cuts do not contribute to the soft function.
In addition to the abelian diagrams, we must also evaluate non-abelian ones of the type
shown in Figure 5. However, the sum of diagrams in the figure vanishes due to its color
structure. Written explicitly, the two diagrams give
D
′(a)
8 → ifabc T ai T bj T ck I ′8 , (41)
D
′(b)
8 → −ifabc T ai T bj T ck I ′8 , (42)
where
I ′8 =
∫
[dk][dl]
nµi n
ν
jn
ρ
k [(2k + l)νgµρ − (k + 2l)µgρν + (l − k)ρgνµ]
ni · k nj · l nk · (k + l) (k + l)2 . (43)
14
ij
l
k
cJ c∗I
Figure 6: Four-Wilson-line diagrams contributing to the NNLO soft function.
The relative minus sign between the two diagrams originates from the fact that the gluon
propagator carrying momentum k+l appears on opposite sides of the cut in the two diagrams4.
Therefore, the sum of the two diagrams cancels. This is due to the structure of the color
factors and not the integral itself, and is also true of one-particle cuts not shown in the figure.
Interestingly enough, it would also be true if the velocity vectors were time-like, even though
such anti-symmetric three-particle correlations are present in the anomalous dimension for
massive particles [40, 41]. This is not a contradiction, since the soft function for massive
heavy-quark production obeys an RG equation analogous to (49) below and the contribution
of the three-particle correlations cancels between the sum of terms involving γs and γ
†
s .
3.3 Four-Wilson-line integrals
We finally turn to the four-Wilson-line integrals. The two-particle cuts shown in Figure 6 are
a convolution of NLO integrals and of the same form as I4 and I8. The general integral reads
I9(ω, aij, akl) =
∫
[dk] [dl]
ni · nj nk · nl δ(ω − n0 · (k + l))
ni · k nj · k nk · l nl · l , (44)
and the color factor is
w
(9)
ij =
1
dR
T ai T
a
j T
b
k T
b
l (i 6= j 6= k 6= l) . (45)
For two-to-two scattering considered here the relations between the different scalar products
implies that we need only I9(ω, aij, aij) = I4(ω, aij), which we already took into account in
writing (20). The explicit results for the color matrices are w
(9)
ij = w
(3)
ij in the qq¯ channel, and
for the gg they read
w
(9)
12 =
CA
2

N
2 − 1 0 0
0 −1
4
0
0 0 −N2−4
4N2

 , (46)
4This change of sign also occurs in the diagrams generated from the non-abelian two Wilson-line diagrams
D6 and D7,2 in Figure 2 by moving the two-gluon attachment to the other side of the cut. However, in those
cases the order of the two color generators T ai and T
b
i is also exchanged, which compensates the sign change
of the propagators.
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and w
(9)
ij = w
(3)
ij for ij = 13, 14.
Also in this case there are one-particle cuts, but these always involve a scaleless loop graph
and vanish.
4 Renormalization
The renormalized soft function is obtained from the bare one by multiplying on both sides
by a matrix-valued UV renormalization factor. The structure of this renormalization factor
follows from the RG equation for the soft function, which is simplest to discuss at the level of
the Laplace-transformed function. We define this as
s˜
(
L, t1/M
2, µ
)
=
∫ ∞
0
dω exp
(
− ω
eγEµeL/2
)
S(ω, t1/M
2, µ) , (47)
The integral transform is easily carried out from the bare function using∫ ∞
0
dω exp[−bω]ω−1−nǫ = Γ(−nǫ)bǫn . (48)
The RG equation for the Laplace-transformed function was derived in [12], using RG invariance
of the cross section and the results for the hard, fragmentation, and parton luminosities. It
reads
d
d lnµ
s˜
(
ln
M2
µ2
, t1/M
2, µ
)
=
−
[
A(αs) ln
M2
µ2
+ γs†(t1/M
2, αs)
]
s˜
(
ln
M2
µ2
, t1/M
2, µ
)
− s˜
(
ln
M2
µ2
, t1/M
2, µ
)[
A(αs) ln
M2
µ2
+ γs(t1/M
2, αs)
]
, (49)
where A = 2CFγcusp in the qq¯ channel and A = (CA + CF )γcusp in the gg channel, and
γs(t1/M
2, αs) = γ
h(t1/M
2, αs) +
[
2γφ(αs) + 2γ
φq(αs)
]
1 . (50)
The non-trivial matrix structure of the soft anomalous dimension is related to that in the hard
function and is expressed through the function γh, which for the different channels is
γhqq¯ = 4γ
q(αs)1+Nγcusp(αs)
(
ln
−t1
M2
+ iπ
)(
0 0
0 1
)
+ γcusp(αs) ln
t21
u21
(
0 CF
2N
1 − 1
N
)
, (51)
and
γhgg = [2γ
g(αs) + 2γ
q(αs)]1
16
+Nγcusp(αs)
(
ln
−t1
M2
+ iπ
)0 0 00 1 0
0 0 1

+ γcusp(αs) ln t21
u21

0
1
2
0
1 −N
4
N2−4
4N
0 N
4
−N
4

 . (52)
Explicit results for the expansion coefficients defined as
A(αs) =
αs
4π
A0 +
(αs
4π
)2
A1 + · · · , (53)
and analogously for the other functions can be found in the the Appendix of [12].
Given the structure of the RG equations, we define the relationship between the bare and
renormalized soft functions according to
s˜ = Z†s s˜bareZs . (54)
The bare soft function does not depend on µ. This implies an RG equation for the renormal-
ization factor which can be integrated to solve for its explicit expansion in ǫ (see, e.g., [31]).
This yields
lnZs =
αs
4π
(
−A0
2ǫ2
+
A0L+ γ
s
0
2ǫ
)
+
(αs
4π
)2 [3A0β0
8ǫ3
+
−A1 − 2β0(A0L+ γs0)
8ǫ2
+
A1L+ γ
s
1
4ǫ
]
+ · · · . (55)
Defining expansion coefficients of the renormalization factor and Laplace-transformed func-
tions in units of αs/4π as in (5), the renormalized NNLO function in Laplace space is given
by
s˜(2)(L, t1/M
2, µ) = s˜
(2)
bare +Z
†(2)
s s˜
(0) + s˜(0)Z(2)s
+Z†(1)s s˜
(1)
bare + s˜
(1)
bareZ
(1)
s +Z
†(1)
s s˜
(0)Z(1)s −
β0
ǫ
s˜
(1)
bare . (56)
Evaluating this equation, we find that the renormalized function on the left-hand side is indeed
finite in the limit ǫ → 0. This shows that the renormalization factor (55) following from the
RG equation deduced from the factorization formula (1) is correct, or can otherwise be viewed
as a cross-check on our calculations. The explicit expressions for the renormalized functions
are rather lengthy and we relegate them to Appendix C. The terms proportional to powers
of L in the renormalized function are in agreement with the approximate NNLO formulas
mentioned in [12], while the L-independent pieces are new.
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5 Conclusions
We evaluated the NNLO corrections to the soft function needed to describe the pair invariant
mass distribution in top-quark pair production at hadron colliders in the small-mass limit.
At the technical level, this required us to obtain real-emission type corrections related to a
product of Wilson-loop operators depending on four light-like Wilson lines. This is the first
NNLO calculation of a soft function which involves non-trivial matrix structure in color space.
We showed that the IR structure of the bare function is consistent with known expressions
for the two-loop anomalous dimension matrix derived in [12]. The final results, given in
the Appendix, turned out to be rather simple. This is because in the sum of all diagrams
contributions from integrals involving three or more Wilson lines multiply a color structure
whose coefficient is constrained by the non-abelian exponentiation theorem to be a product
of NLO integrals. The non-abelian three-parton graphs are not constrained by non-abelian
exponentiation, but these vanish after summing over all diagrams.
Combined with known NNLO results for heavy-quark fragmentation functions and virtual
corrections to two-to-two processes, our calculations will allow an evaluation of the invariant
mass distribution in the small-mass limit at the level of a full virtual plus soft approximation.
This will provide valuable information concerning the importance of higher-order corrections
to NLO+NNLL predictions from [4]. Moreover, by an appropriate modification of the delta-
function constraint in the definition (4), we can immediately obtain the soft function needed
to study single-particle distributions in the pT and rapidity of the top quark to the same
level of accuracy, opening up the possibility of studying higher-order corrections to the results
of [42, 43]. Finally, we anticipate applications for threshold resummation in dijet production.
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A Calculation of I5 as an example
Written out explicitly, the integral I5 reads (with δ
+(k2) = δ(k2)θ(k0))
I5(ω, aij) =
∫
ddl1 d
dl2
(ni · nj)2 δ+(l21) δ+(l22) δ(ω − n0 · (l1 + l2))
ni · l1 ni · (l1 + l2) nj · l1 nj · (l1 + l2)
=
∫
ddk
ni · nj δ(ω − n0 · k)
ni · k nj · k
∫
ddl1 d
dl2
ni · nj δ+(l21) δ+(l22) δ(d)(k − l1 − l2)
ni · l1 nj · l1
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=∫
ddk
ni · nj δ(ω − n0 · k)
ni · k nj · k 2π
1−ǫ Γ(−ǫ)
Γ(1− 2ǫ)
(
2 ni · k nj · k
ni · nj
)ǫ
× (k2)−1−2ǫ 2F1
(
− ǫ,−ǫ, 1 − ǫ, ni · nj k
2
T
2 ni · k nj · k
)
. (57)
To derive the equality in the third line we used the auxiliary integral given in [24, 26]. The
remaining d-dimensional integral over k can be solved using the steps outlined in [26]. We
first define light-cone coordinates
kµ = k+
nµi√
2ni · nj
+ k−
nµj√
2ni · nj
+ kµ⊥ ,
k+ =
nj · k√
ni · nj/2
, k− =
ni · k√
ni · nj/2
, k2T = −k2⊥ ,
and use these to parameterize the integral over k. This yields
I5(ω, aij) =
22−2ǫ π1−2ǫ Γ(−ǫ) Γ(1− ǫ)
Γ2(1− 2ǫ)
∫
dk+dk−
∫ ∞
0
dkT k
1−2ǫ
T
∫ 1
−1
d cos θ sin−1−2ǫ θ
× (k+k−)−1+ǫ (k+k− − k2T )−1−2ǫ 2F1
(
− ǫ,−ǫ, 1− ǫ, k
2
T
k+k−
)
× δ
(
ω − k+n0− + k−n0+
2
+ n0TkT cos θ
)
. (58)
We then make the change of variables
k+ =
ω
n0−
x y , k− =
ω
n0+
(1− x) y , dk+dk− = ω
2
n0+n0−
y dxdy ,
kT =
ω√
n0+n0−
√
x(1− x) y u , dkT = ω√
n0+n0−
√
x(1− x) y du ,
and express the light-cone components of n0 in terms of aij to arrive at
I5(ω, aij) =
22+2ǫ π1−2ǫ Γ(−ǫ) Γ(1− ǫ)
Γ2(1− 2ǫ) ω
−1−4ǫ (1− aij)−2ǫ
×
∫ 1
0
dx
∫ ∞
0
dy
∫ 1
−1
d cos θ sin−1−2ǫ θ
∫ 1
0
du [x(1− x)]−1−2ǫ y−1−4ǫ u1−2ǫ (1− u2)−1−2ǫ
× 2F1(−ǫ,−ǫ, 1 − ǫ, u2) δ
(
1− y
2
+
√
aijx(1− x) y u cos θ
)
. (59)
We next perform the y-integration using the delta-function constraint and integrate over cos θ,
generating a hypergeometric function written in the first equality below. After that we perform
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a change of variables to the argument of this hypergeometric function, integrate, and perform
another change of variables to the argument of the original hypergeometric function. Explicitly,
I5(ω, aij) =
4 π2−2ǫ Γ(−ǫ)
Γ(1− ǫ) Γ(1− 2ǫ) ω
−1−4ǫ (1− a)−2ǫ
×
∫ 1
0
du u1−2ǫ (1− u2)−1−2ǫ 2F1(−ǫ,−ǫ, 1 − ǫ, u2)
×
∫ 1
0
dx [x(1− x)]−1−2ǫ 2F1
(
1
2
− 2ǫ,−2ǫ, 1− ǫ, 4aijx(1− x)u2
)
=
23+4ǫ π2−2ǫ Γ(−ǫ)
Γ(1− ǫ) Γ(1− 2ǫ) ω
−1−4ǫ (1− aij)−2ǫ
×
∫ 1
0
du u1−2ǫ (1− u2)−1−2ǫ 2F1(−ǫ,−ǫ, 1 − ǫ, u2)
×
∫ 1
0
dv v−1−2ǫ (1− v)−1/2 2F1
(
1
2
− 2ǫ,−2ǫ, 1− ǫ, aiju2v
)
=
4 π2−2ǫ Γ(−ǫ) Γ(−2ǫ)
Γ(1− ǫ) Γ(1− 4ǫ) ω
−1−4ǫ (1− aij)−2ǫ
×
∫ 1
0
dt t−ǫ (1− t)−1−2ǫ 2F1(−ǫ,−ǫ, 1 − ǫ, t) 2F1(−2ǫ,−2ǫ, 1− ǫ, aijt) . (60)
The integral over the hypergeometric functions is sufficiently complicated that we evaluate it
as an expansion in ǫ. This is achieved using the standard identity
(1− t)−1−nǫ = − 1
nǫ
δ(1− t) +
∞∑
m=0
(−nǫ)m
m!
[
lnm(1− t)
1− t
]
+
, (61)
and evaluating the integrals over the plus distributions after expanding the other parts of the
integral in ǫ. This leads to parametric integrals over HPLs. Some of these are straightforward,
and even the most difficult ones are not hard to handle by deriving and solving differential
equations with respect to the parameter aij , yielding the result given in Section 3.
B Constraints from non-abelian exponentiation
In this section we briefly explain the consistency of our results with the non-abelian exponen-
tiation theorem [27, 28]. In general, this theorem states that the soft function can be written
as the exponential of a simpler quantity. In particular, in the language of [28], the exponent
receives contributions only from diagrams involving single connected webs. For us, the impor-
tant point is that this theorem implies that after summing over all diagrams the coefficients of
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certain color factors in the NNLO function are determined by exponentiating the NLO result.
This exponentiation occurs in position or Laplace space rather than momentum space. We
find it convenient to work with the Laplace-space function (47). Our procedure is to take the
exponential of the one-loop bare function and expand it to second order:
1
dR
exp
[
−
∑
i,j
Ti · Tj I˜1(L, aij)
]
=
1
dR
[
1−
∑
i,j
Ti · Tj I˜1(L, aij)
+
1
2
∑
i,j,k,l
Ti · Tj Tk · Tl I˜1(L, aij) I˜1(L, akl) + · · ·
]
. (62)
The term on the second line produces two, three and four parton terms whose structure must
be reproduced in our explicit results. First, we can write the two parton terms as
2
dR
(
T a1 · T a2 T b1 · T b2 I˜21 (L, a12) + T a3 · T a4 T b3 · T b4 I˜21 (L, a12)
+2T a1 · T a3 T b1 · T b3 I˜21 (L, a13) + 2T a1 · T a4 T b1 · T b4 I˜21 (L, a14)
)
. (63)
We thus expect the coefficient of w
(3)
ij to be restricted by the non-abelian exponentiation
theorem, and a relation between I˜3, I˜4, I˜5 and the NLO integral. Indeed, we have already
made explicit in (22) that I3 = I4/2 − I5, and one can easily verify that I˜4 = I˜21 . After
rewriting the color factor w
(4)
ij as in the last equality in (32) and performing the sum over legs
one can then show that the coefficient of w
(3)
ij in (21) is proportional to the factorized integral
I˜4, as required. The remaining two-Wilson-line integrals are proportional to the NLO matrix
w
(1)
ij and are thus single connected webs which contribute to the second-order expansion of
the exponent directly.
Next we deal with three-parton terms. To understand their structure we consider the
concrete example where two gluons attach to the parton with velocity n1 and the other two
to the partons with velocity n2 and n3. The contribution of these terms to (62) is
2
dR
(
T a1 · T a2 T b1 · T b3 + T a1 · T a3 T b1 · T b2
)
I˜1(L, a12)I˜1(L, a13) = 2w
(8)
123I˜1(L, a12)I˜1(L, a13), (64)
where we have used that the color matrices for different partons commute. The above relation
implies that I˜1(L, a12)I˜1(L, a13) = I˜8(L, a12, a13), and one can confirm that this is indeed
the case. Including all permutations in the expansion of the exponential, we reproduce the
contributions proportional to the w
(8)
ijk in (21).
Finally, we turn to the four-parton terms, considering as an example the case where the
two partons with velocity n1 and n2 are connected to each other. These contribute to (62) as
4
dR
T a1 · T a2 T b3 · T b4 I˜1(a12)I˜1(a34) = 4w(9)12 I˜4(a12) . (65)
This accounts explicitly for the four-parton term w
(9)
12 I4(a12) (21). The remaining four-parton
terms appear as w
(3)
ij I4(aij).
21
C Renormalized Soft Functions
We list here the results for the renormalized soft function in the qq¯ and gg production channels.
For the sake of brevity we set N = 3 and take into account that the soft function is symmetric.
In the following, we indicate the element ij of the matrix s˜
(n)
k (k ∈ {qq¯, gg}) as s˜(n)k ij .
C.1 Quark Annihilation Channel
The elements of the NLO soft matrix in Laplace space are
s˜
(1)
qq 11 = 16L
2 +
8
3
π2 ,
s˜
(1)
qq 12 =
8π2
9
+
16
3
LH0(xt) +
16
3
LH1(xt)− 16
3
H2(xt) +
16
3
H0,0(xt) +
16
3
H1,0(xt)− 16
3
H1,1(xt) ,
s˜
(1)
qq 22 =
32L2
9
+
44π2
27
+
56
9
LH0(xt)− 16
9
LH1(xt) +
16
9
H2(xt) +
56
9
H0,0(xt) +
56
9
H1,0(xt)
+
16
9
H1,1(xt) . (66)
The elements of the NNLO soft matrix in Laplace space are
s˜
(2)
qq 11 =
19424
27
− 6464
9
L+
1072
3
L2 − 176
3
L3 +
128
3
L4 − 2624
81
Nl +
896
27
LNl − 160
9
L2Nl
+
32
9
L3Nl +
268
9
π2 − 16
9
L2π2 − 40
27
Nlπ
2 − 56
9
π4 +
64
9
Lπ2H0(xt) +
64
9
Lπ2H1(xt)
+
[
128
3
L2 − 64
9
π2
]
H2(xt)− 128
3
LH3(xt)− 128H4(xt) +
[
128
3
L2 +
64
9
π2
]
H0,0(xt)
+
128
3
L2H1,0(xt) +
64
9
π2H1,0(xt) +
[
128
3
L2 − 64
9
π2
]
H1,1(xt)− 128
3
LH1,2(xt)
− 128H1,3(xt) + 128
3
LH2,0(xt)− 128LH2,1(xt)− 128
3
H2,2(xt)− 128
3
H3,0(xt)
+
128
3
H3,1(xt) + 128LH0,0,0(xt) + 128LH1,0,0(xt) +
128
3
LH1,1,0(xt)
− 128LH1,1,1(xt)− 128
3
H1,1,2(xt)− 128
3
H1,2,0(xt) +
128
3
H1,2,1(xt) +
128
3
H2,0,0(xt)
− 128H2,1,0(xt) + 128H2,1,1(xt) + 128H0,0,0,0(xt) + 128H1,0,0,0(xt) + 128
3
H1,1,0,0(xt)
− 128H1,1,1,0(xt) + 128H1,1,1,1(xt)− 176
3
ζ3 + 672Lζ3 +
32
9
Nlζ3 ,
22
s˜
(2)
qq 12 =
536
27
π2 − 88
9
Lπ2 +
128
27
L2π2 − 80
81
Nlπ
2 +
16
27
LNlπ
2 − 124
135
π4 +
[
−3232
27
+
1072
9
L− 88
3
L2 +
256
9
L3 +
448
81
Nl − 160
27
LNl +
16
9
L2Nl − 88
9
π2 +
208
27
Lπ2
+
16
27
Nlπ
2 + 112ζ3
]
H0(xt) +
[
−3232
27
+
1072
9
L− 88
3
L2 +
256
9
L3 +
448
81
Nl − 160
27
LNl
+
16
9
L2Nl − 88
9
π2 +
64
27
Lπ2 +
16
27
Nlπ
2 + 144ζ3
]
H1(xt) +
[
−1072
9
+
176
3
L
− 32
3
L2 +
160
27
Nl − 32
9
LNl − 64
27
π2
]
H2(xt) +
[
−176
3
− 160
9
L+
32
9
Nl
]
H3(xt)
− 64
3
H4(xt) +
[
1072
9
− 176
3
L+
704
9
L2 − 160
27
Nl +
32
9
LNl +
208
27
π2
]
H0,0(xt)
+
[
1072
9
− 176
3
L+
416
9
L2 − 160
27
Nl +
32
9
LNl +
64
27
π2
]
H1,0(xt) +
[
−1072
9
+
176
3
L− 128
3
L2 +
160
27
Nl − 32
9
LNl − 208
27
π2
]
H1,1(xt) +
[
−176
3
+
128
9
L
+
32
9
Nl
]
H1,2(xt)− 160
3
H1,3(xt) +
[
−176
3
+
448
9
L+
32
9
Nl
]
H2,0(xt)
+
[
−176
3
+
32
3
L+
32
9
Nl
]
H2,1(xt)− 160
9
H2,2(xt) +
128
9
H3,0(xt) +
160
9
H3,1(xt)
+
[
−176
3
+
448
3
L+
32
9
Nl
]
H0,0,0(xt) +
[
−176
3
+
352
3
L+
32
9
Nl
]
H1,0,0(xt)
+
[
−176
3
+
160
9
L+
32
9
Nl
]
H1,1,0(xt)+
[
− 176
3
+
128
3
L+
32
9
Nl
]
H1,1,1(xt)
− 448
9
H1,1,2(xt)− 160
9
H1,2,0(xt)− 416
9
H1,2,1(xt) +
736
9
H2,0,0(xt)− 160
3
H2,1,0(xt)
+
64
3
H2,1,1(xt) +
448
3
H0,0,0,0(xt) +
256
3
H1,0,0,0(xt) +
160
9
H1,1,0,0(xt)
23
− 256
3
H1,1,1,0(xt)− 128
3
H1,1,1,1(xt) ,
s˜
(2)
qq 22 =
38848
243
− 12928
81
L+
2144
27
L2 − 352
27
L3 +
256
27
L4 − 5248
729
Nl +
1792
243
LNl
− 320
81
L2Nl +
64
81
L3Nl +
268
9
π2 − 308
27
Lπ2 +
416
81
L2π2 − 40
27
Nlπ
2 +
56
81
LNlπ
2
− 994
405
π4 +
[
−11312
81
+
3752
27
L− 308
9
L2 +
896
27
L3 +
1568
243
Nl − 560
81
LNl +
56
27
L2Nl
− 308
27
π2 +
856
81
Lπ2 +
56
81
Nlπ
2 +
392
3
ζ3
]
H0(xt) +
[
3232
81
− 1072
27
L+
88
9
L2 − 256
27
L3
− 448
243
Nl +
160
81
LNl − 16
27
L2Nl − 308
27
π2 − 80
81
Lπ2 +
56
81
Nlπ
2
]
H1(xt) +
[
1072
27
− 176
9
L+
64
27
L2 − 160
81
Nl +
32
27
LNl +
80
81
π2
]
H2(xt) +
[
176
9
+
64
9
L− 32
27
Nl
]
H3(xt)
+
32
3
H4(xt) +
[
3752
27
− 616
9
L+
2720
27
L2 − 560
81
Nl +
112
27
LNl +
856
81
π2
]
H0,0(xt)
+
[
3752
27
− 616
9
L+
704
27
L2 − 560
81
Nl +
112
27
LNl +
352
81
π2
]
H1,0(xt) +
[
1072
27
− 176
9
L
+
640
27
L2 − 160
81
Nl +
32
27
LNl − 424
81
π2
]
H1,1(xt) +
[
176
9
− 128
9
L− 32
27
Nl
]
H1,2(xt)
+
64
3
H1,3(xt) +
[
−616
9
+
608
9
L+
112
27
Nl
]
H2,0(xt) +
[
176
9
− 64
3
L− 32
27
Nl
]
H2,1(xt)
+
160
9
H2,2(xt) +
736
9
H3,0(xt) +
128
9
H3,1(xt) +
[
−616
9
+
608
3
L+
112
27
Nl
]
H0,0,0(xt)
+
[
−616
9
+ 128L+
112
27
Nl
]
H1,0,0(xt) +
[
−616
9
− 64
9
L+
112
27
Nl
]
H1,1,0(xt)
+
[
176
9
− 128
3
L− 32
27
Nl
]
H1,1,1(xt) +
256
9
H1,1,2(xt) +
400
9
H1,2,0(xt) +
320
9
H1,2,1(xt)
24
+
1280
9
H2,0,0(xt) +
64
3
H2,1,0(xt) +
64
3
H2,1,1(xt) +
608
3
H0,0,0,0(xt) + 128H1,0,0,0(xt)
+
608
9
H1,1,0,0(xt)− 16H1,1,1,0(xt) + 128
3
H1,1,1,1(xt)− 352
27
ζ3 +
448
3
Lζ3 +
64
81
Nlζ3 . (67)
C.2 Gluon Fusion Channel
The elements of the NLO soft matrix in Laplace space are
s˜
(1)
gg 11 = 26L
2 +
13
3
π2 ,
s˜
(1)
gg 12 = 2π
2 + 12LH0(xt) + 12LH1(xt)− 12H2(xt) + 12H0,0(xt) + 12H1,0(xt)− 12H1,1(xt) ,
s˜
(1)
gg 13 = 0 ,
s˜
(1)
gg 22 = 13L
2 +
11
3
π2 + 9LH0(xt)− 9LH1(xt) + 9H2(xt) + 9H0,0(xt) + 9H1,0(xt) + 9H1,1(xt) ,
s˜
(1)
gg 23 =
5
6
π2 + 5LH0(xt) + 5LH1(xt)− 5H2(xt) + 5H0,0(xt) + 5H1,0(xt)− 5H1,1(xt) ,
s˜
(1)
gg 33 =
55
27
π2 +
65L2
9
+ 5LH0(xt)− 5LH1(xt) + 5H2(xt) + 5H0,0(xt) + 5H1,0(xt) + 5H1,1(xt) .
(68)
The elements of the NNLO soft matrix in Laplace space are
s˜
(2)
gg 11 =
31564
27
− 10504
9
L+
1742
3
L2 − 286
3
L3 +
338
3
L4 − 4264
81
Nl +
1456
27
LNl − 260
9
L2Nl
+
52
9
L3Nl +
871
18
π2 +
104
9
π2L2 − 65
27
π2Nl − 461
54
π4 + 96L2H2(xt) + 96L
2H0,0(xt)
+ 96L2H1,0(xt) + 96L
2H1,1(xt) + 16π
2LH0(xt) + 16π
2LH1(xt)− 96LH3(xt)
− 96LH1,2(xt) + 96LH2,0(xt)− 288LH2,1(xt) + 288LH0,0,0(xt) + 288LH1,0,0(xt)
+ 96LH1,1,0(xt)− 288LH1,1,1(xt)− 16π2H2(xt)− 288H4(xt) + 16π2H0,0(xt)
+ 16π2H1,0(xt)− 16π2H1,1(xt)− 288H1,3(xt)− 96H2,2(xt)− 96H3,0(xt)
+ 96H3,1(xt)− 96H1,1,2(xt)− 96H1,2,0(xt) + 96H1,2,1(xt) + 96H2,0,0(xt)− 288H2,1,0(xt)
+ 288H2,1,1(xt) + 288H0,0,0,0(xt) + 288H1,0,0,0(xt) + 96H1,1,0,0(xt)− 288H1,1,1,0(xt)
+ 288H1,1,1,1(xt) + 1092Lζ(3) +
52
9
Nlζ(3)− 286
3
ζ(3) ,
25
s˜
(2)
gg 12 =
134
3
π2 +
52
3
π2L2 +
4
3
π2LNl − 22π2L− 20
9
π2Nl − 68
45
π4 +
[
104L3 + 4L2Nl − 66L2
− 40
3
LNl +
52
3
π2L+ 268L+
4
3
π2Nl +
112
9
Nl + 252ζ(3)− 22π2 − 808
3
]
H0(xt)
+
[
104L3 + 4L2Nl − 66L2 − 40
3
LNl +
16
3
π2L+ 268L+
112
9
Nl +
4
3
π2Nl + 324ζ(3)
− 22π2 − 808
3
]
H1(xt) +
[
−104L2 − 8LNl + 132L+ 40
3
Nl − 16
3
π2 − 268
]
H2(xt)
+
[
176L2 + 8LNl − 132L− 40
3
Nl +
52
3
π2 + 268
]
H0,0(xt) +
[
104L2 + 8LNl − 132L
− 40
3
Nl +
16
3
π2 + 268
]
H1,0(xt) +
[
−176L2 − 8LNl + 132L+ 40
3
Nl − 52
3
π2
− 268
]
H1,1(xt) +
[
72L+ 8Nl − 132
]
H1,2(xt) +
[
72L+ 8Nl − 132
]
H2,0(xt) +
[
144L
+ 8Nl − 132
]
H2,1(xt) +
[
216L+ 8Nl − 132
]
H0,0,0(xt) +
[
144L+ 8Nl − 132
]
H1,0,0(xt)
+
[
216L+ 8Nl − 132
]
H1,1,1(xt) +
[
8Nl − 132
]
H3(xt) +
[
8Nl − 132
]
H1,1,0(xt)
+ 72H4(xt) + 72H3,0(xt)− 72H1,1,2(xt)− 144H1,2,1(xt) + 144H2,0,0(xt)
− 72H2,1,1(xt) + 216H0,0,0,0(xt) + 72H1,0,0,0(xt)− 72H1,1,1,0(xt)− 216H1,1,1,1(xt) ,
s˜
(2)
gg 13 =
5π4
9
+
20
3
π2L
[
H0(xt) +H1(xt)
]
+
[
40L2 − 20
3
π2
][
H2(xt) +H1,1(xt)
]
+
[
40L2 +
20
3
π2
][
H0,0(xt) +H1,0(xt)
]
− 40LH3(xt)− 40LH1,2(xt) + 40LH2,0(xt)
− 120LH2,1(xt) + 120LH0,0,0(xt) + 120LH1,0,0(xt) + 40LH1,1,0(xt)− 120LH1,1,1(xt)
− 120H4(xt)− 120H1,3(xt)− 40H2,2(xt)− 40H3,0(xt) + 40H3,1(xt)− 40H1,1,2(xt)
− 40H1,2,0(xt) + 40H1,2,1(xt) + 40H2,0,0(xt)− 120H2,1,0(xt) + 120H2,1,1(xt)
+ 120H0,0,0,0(xt) + 120H1,0,0,0(xt) + 40H1,1,0,0(xt)− 120H1,1,1,0(xt) + 120H1,1,1,1(xt) ,
26
s˜
(2)
gg 22 =
15782
27
− 5252
9
L+
871
3
L2 − 143
3
L3 +
169
3
L4 − 2132
81
Nl +
728
27
NlL− 130
9
NlL
2
+
26
9
NlL
3 +
2077
36
π2 − 33
2
π2L+
169
9
π2L2 − 155
54
Nlπ
2 +Nlπ
2L− 673
135
π4 +
[
78L3
+ 3NlL
2 − 99
2
L2 − 10NlL+ 26π2L+ 201L+Nlπ2 − 33
2
π2 − 202 + 28
3
Nl
+ 189ζ(3)
]
H0(xt) +
[
−78L3 − 3NlL2 + 99
2
L2 + 10NlL− 201L− 28
3
Nl +Nlπ
2
− 33
2
π2 + 202− 135ζ(3)
]
H1(xt) +
[
102L2 + 6NlL− 99L− 10Nl + 201
]
H2(xt)
+
[
210L2 + 6NlL− 99L− 10Nl + 26π2 + 201
]
H0,0(xt) +
[
102L2 + 6NlL− 99L
− 10Nl + 17π2 + 201
]
H1,0(xt) +
[
210L2 + 6NlL− 99L− 10Nl − 9π2 + 201
]
H1,1(xt)
+
[
−24L− 6Nl + 99
]
H3(xt) +
[
−132L− 6Nl + 99
]
H1,2(xt) +
[
−288L− 6Nl
+ 99
]
H2,1(xt) +
[
132L+ 6Nl − 99
]
H2,0(xt) +
[
396L+ 6Nl − 99
]
H0,0,0(xt)
+
[
288L+ 6Nl − 99
]
H1,0,0(xt) +
[
24L+ 6Nl − 99
]
H1,1,0(xt) +
[
−396L− 6Nl
+ 99
]
H1,1,1(xt)− 126H4(xt)− 72H1,3(xt) + 30H2,2(xt) + 84H3,0(xt) + 132H3,1(xt)
+ 84H1,1,2(xt) + 30H1,2,0(xt) + 240H1,2,1(xt) + 240H2,0,0(xt)− 72H2,1,0(xt) + 288H2,1,1(xt)
+ 396H0,0,0,0(xt) + 288H1,0,0,0(xt) + 132H1,1,0,0(xt)− 126H1,1,1,0(xt) + 396H1,1,1,1(xt)
− 143
3
ζ(3) +
26
9
Nlζ(3) + 546ζ(3)L ,
s˜
(2)
gg 23 =
335
18
π2 − 55
6
π2L+
65
9
π2L2 − 25
27
Nlπ
2 +
5
9
Nlπ
2L− 23
108
π4 +
[
130
3
L3 +
5
3
NlL
2 − 55
2
L2
− 50
9
NlL+
110
9
π2L+
335
3
L+
140
27
Nl +
5
9
Nlπ
2 − 55
6
π2 − 1010
9
+ 105ζ(3)
]
H0(xt)
+
[
130
3
L3 +
5
3
NlL
2 − 55
2
L2 − 50
9
NlL+
20
9
π2L+
335
3
L+
140
27
Nl +
5
9
Nlπ
2 − 55
6
π2 − 1010
9
27
+ 135ζ(3)
]
H1(xt) +
[
−130
3
L2 − 10
3
NlL+ 55L+
50
9
Nl − 20
9
π2 − 335
3
]
H2(xt) +
[
310
3
L2
+
10
3
NlL− 55L+ 110
9
π2 +
335
3
− 50
9
Nl
]
H0,0(xt) +
[
130
3
L2 − 55L+ 10
3
NlL− 50
9
Nl
+
65
9
π2 +
335
3
]
H1,0(xt) +
[
−310
3
L2 − 10
3
NlL+ 55L+
50
9
Nl − 65
9
π2 − 335
3
]
H1,1(xt)
+
[
60L+
10
3
Nl − 55
][
H1,2(xt) +H2,0(xt)
]
+
[
120L+
10
3
Nl − 55
]
H2,1(xt) +
[
180L
+
10
3
Nl − 55
][
H0,0,0(xt) +H1,1,1(xt)
]
+
[
120L+
10
3
Nl − 55
]
H1,0,0(xt) +
[
10
3
Nl
− 55
]
H3(xt) + 30H4(xt)− 30H2,2(xt) + 60H3,0(xt)− 60H3,1(xt) + 10
3
NlH1,1,0(xt)
− 55H1,1,0(xt)− 60H1,1,2(xt) + 30H1,2,0(xt)− 120H1,2,1(xt) + 120H2,0,0(xt)
− 120H2,1,1(xt) + 180H0,0,0,0(xt) + 120H1,0,0,0(xt) + 60H1,1,0,0(xt)− 30H1,1,1,0(xt)
− 180H1,1,1,1(xt) .
s˜
(2)
gg 33 =
78910
243
− 26260
81
L+
4355
27
L2 − 715
27
L3 +
845
27
L4 − 10660
729
Nl +
3640
243
NlL− 650
81
NlL
2
+
130
81
NlL
3 +
10385
324
π2 − 55
6
π2L+
845
81
π2L2 − 775
486
Nlπ
2 +
5
9
Nlπ
2L− 763
243
π4 +
[
130
3
L3
+
5
3
NlL
2 − 55
2
L2 +
335
3
L− 50
9
NlL+ 10π
2L+
5
9
Nlπ
2 − 55
6
π2 − 1010
9
+
140
27
Nl
+ 105ζ(3)
]
H0(xt) +
[
−130
3
L3 − 5
3
NlL
2 +
55
2
L2 +
50
9
NlL− 40
9
π2L− 335
3
L+
5
9
Nlπ
2
− 55
6
π2 +
1010
9
− 140
27
Nl − 75ζ(3)
]
H1(xt) +
[
30L2 +
10
3
NlL− 55L− 50
9
Nl +
40
9
π2
+
335
3
]
H2(xt) +
[
90L2 +
10
3
NlL− 55L− 50
9
Nl + 10π
2 +
335
3
]
H0,0(xt) +
[
30L2
28
+
10
3
NlL− 55L− 50
9
Nl + 5π
2 +
335
3
]
H1,0(xt) +
[
90L2 +
10
3
NlL− 55L− 50
9
Nl − 5
9
π2
+
335
3
]
H1,1(xt) +
[
40
3
L− 10
3
Nl + 55
]
H3(xt) +
[
140
3
L+
10
3
Nl − 55
][
H2,0(xt)
−H1,2(xt)
]
+
[
−80L− 10
3
Nl + 55
]
H2,1(xt) +
[
140L+
10
3
Nl − 55
][
H0,0,0(xt)
−H1,1,1(xt)
]
+
[
80L+
10
3
Nl − 55
]
H1,0,0(xt) +
[
−40
3
L− 55
]
H1,1,0(xt) + 10H4(xt)
+ 40H1,3(xt) +
130
3
H2,2(xt) +
220
3
H3,0(xt) +
140
3
H3,1(xt) +
10
3
NlH1,1,0(xt)
+
220
3
H1,1,2(xt) +
130
3
H1,2,0(xt) +
320
3
H1,2,1(xt) +
320
3
H2,0,0(xt) + 40H2,1,0(xt)
+ 80H2,1,1(xt) + 140H0,0,0,0(xt) + 80H1,0,0,0(xt) +
140
3
H1,1,0,0(xt) + 10H1,1,1,0(xt)
+ 140H1,1,1,1(xt) +
130Nlζ(3)
81
− 715
27
ζ(3) +
910L
3
ζ(3) . (69)
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